try. To understand spatial perception, we must contrast vision's useful "outgoing" inverse projection function to the "incoming" natural perspective that triggers it.
Figure 1. (A)
The observer looking at the real-word tree receives a certain pattern of light, indicated by the three arrows. From this pattern the observer perceives the tree. (B) Perspective geometry allows a perspective picture to recreate that same pattern of light. (C) Looking at the perspective picture, the observer once again can have the same perception of the tree. Now, however, the pattern of light, indicated by the three arrows, is created by a picture of the tree, rather than the real-world tree.
If the only constraint on the world of surfaces and optics was that light travels in straight lines, then, a priori, vision might have adopted any one of many inverse projection functions. In this case, the features available to the visual system fit a perceived 3-D layout in an infinite number of ways (see Figure 1B ). But there are many constraints in practice, and in the terrestrial environment only one of these infinite functions perfectly conforms to the laws of geometry and optics, namely, natural perspective. All other projection functions can be deemed to incorrect. But they are not all "equally" incorrect. Some are better approximations than others. That is, only some of these incorrect functions are close to the correct one under most practical circumstances. Hence we can ask: under what conditions vision's inverse-projection does work well? And what can make it wide of the mark?
Let us dub the actual vision's inverse-projection "evolutionary perspective", in contrast to "natural perspective". Our visual system did not evolve the latter, that is, the theoretically correct and ideal solution, the only solution that could apply in all possible circumstances (Juricevic & Kennedy, 2006) . As is so often the case in evolution, a simpler but sufficient solution was selected, one that is adaptive in normal conditions of observation, with a highly practical range of applications for most purposes in the environment in which primates evolved. We choose the term "evolutionary" because it is a solution that is distinct from the perfect geometrical perspective based on the laws of optics. Its adaptive value results from the tinkering of the evolutionary process through natural selection.
Evolutionary perspective
To show the exact nature of the evolutionary perspective function, that is, how it differs from natural perspective, requires that an interesting challenge be posed to observers. They need to be asked for judgments over a wide range of distances. Evolutionary perspective closely approximates natural perspective in most natural, restricted settings --if this were not the case, we would, as a species, have become extinct long ago. So, testing observers in confined settings will do little to highlight the differences between evolutionary and natural perspective. The differences appear only in highly extended circumstances (situations that perhaps humans did not have to judge accurately until late in the evolutionary scheme of things). One such situation is perspective panoramic picture perception, with an extended ground plain or piazza, in other words, the kind of picture popularized by a technique invented during the Renaissance, which could be dubbed "artifactual" perspective since it provides the means of creating particular cultural artifacts. For instance, an observer looking at the late-Renaissance painting "The School of Athens" by Raphael (Figure 2 ) gets an impression similar to that from observing a real 3-D scene. The scene stretches into the distance with architectural precision. In other words, it is remarkably realistic. This realism is provided by perspective. Here, we outline how artifactual perspective generates pictures, and contrast this with vision's inverse projection function. We will use to term "perspective" to refer to the projective geometry used to make perspective pictures, whereas "natural perspective" refers to the geometry determining the pattern of light reaching an observer's eye from the real world.
Recall that natural perspective is a mathematical system that indicates how a real-world scene would project to a vantage point (see Figure 1A ). To depict a scene in perspective, a vantage point is chosen and a picture surface is placed between it and the scene (see Figure 3A) . Each point in the scene (e.g., the top leaf of a tree, the tip of a blade of grass, the border of a lake, etc.) is depicted by a point on the picture surface as determined by perspective projection. Specifically, each point of interest in the scene is joined to the vantage point by a straight line. A depicting point is placed on the picture surface where the line intersects it (see Figure 3A) .
Perspective pictures look realistic because they artificially recreate the pattern of light of the real-world scene. The real-word scene projects a certain pattern of light (see Figure 1A) , which gives the observer a certain percept of the scene. Perspective geometry allows a picture to recreate that pattern of light (see Figure 3A) . Hence, looking at the perspective picture, the observer once again can have the same percept of the scene, though now the pattern of light is created by a picture, rather than the 3-D real-world scene (see Figure 3B ). Realism is achieved by recreating patterns of light typically found in real-world scenes. Since a scene point is projected onto a picture surface, perspective is a projective geometry, used to depict 3-D scenes on 2-D surfaces. Its invention during the Renaissance is credited to Filippo Brunelleschi (1377-1446), sculptor, architect, and artisan-engineer. Reportedly, Brunelleschi invented this method to represent 3-D scenes while drawing an octagonal building, the Baptistry in Florence, with two of the sides receding at 45º to the picture surface (Tyler and Kubovy, 2004; Veltman, 1998) . These sides would be drawn with converging lines. Brunelleschi is thought to have devised a geometrical proof showing how much convergence to use for an artist looking at the scene while standing a certain distance from the picture surface (see Technical Note #1). The first perspective painting that Brunelleschi showed to others was a picture of the church of Saint Giovanni of Florence. This is widely regarded as the first accurate perspective picture. Brunelleschi left no record of his perspective experiments, but probably passed his proof verbally to other artists. Fortunately, in 1435, Leon Battista Alberti (1404-1472) wrote a treatise, "Della pittura" ("On painting"), which was dedicated to Brunelleschi and contained a section on perspective.
Since its discovery in the Renaissance, artifactual perspective has been the standard method for making realistic pictures.
The Inverse Projection Problem for Perspective Pictures
The theory of geometrical perspective, producing a picture of a 3-D scene on a 2-D picture surface, is simple. Indeed, the mathematics involved is covered in most high-schools. Recall that the evolution of human vision has not followed these laws precisely, but rather has adopted an adaptive solution which only approximates perspective geometry. What is this function that human vision follows?
When viewing a picture, vision must, just as when looking at a real-world scene, perform an "inverse projection" (Niall, 1992; Niall and Macnamara, 1989, 1990; Norman, Todd, Perotti, and Tittle, 1996; Wagner, 1985) . Now, however, vision uses the light from the picture (rather than the real-world 3-D scene) to determine the depicted 3-D scene. Looking at a perspective picture, from the vantage point used to create the picture, means being in the same position in front of the picture that the artist was when drawing it. The observer should entertain directions traveling from the vantage point, to points on the picture surface, and beyond (see Figure 4) . On the far side of the picture surface, at the end of each direction line is where the relevant real world 3-D point would be. Alas, there is an infinite distance on the far side of the picture surface. Depicting points establish the directions of the scene's points, but not their distance (see Figure 4) . Where should the direction lines stop? Additional constraints are needed to settle on a particular inverse projection to a particular distance. The inverse projection problem is an induction problem. That is, given a puzzle with an infinite number of solutions, how is one solution picked? To solve the logical problem of induction in a particular setting, constraints have to be added to the puzzle. To solve the induction problem for natural perspective, constraints have to be put on the environment so it projects informative patterns. But further, to establish how perception uses the patterns, empirical studies -experiments on perception -are needed. The kinds of patterns that typify the real world must be shown surrounding a given depicting point in a picture, and observers' reactions to the pattern tested. The most significant pattern is the one characterizing a surface, and in particular the especially useful case of a ground plane, the matrix on which objects stand, the extended and continuous surface that connects bases of objects in a panorama.
Empirical study reveals that there are distortions in perception of perspective pictures. Piero della Francesca reported that Renaissance observers complained of a lack of fidelity in perspective pictures (della Francesca, 1480 (della Francesca, /1981 . He noted that many observers, "… were in doubt whether perspective is a true science, judging it falsely from ignorance." (p. 261). He went on to mention that the problem was that, in some pictures of tiles, for instance, "…those foreshortened appear larger than those not foreshortened." (p. 261). Further, perspective pictures have a single correct vantage point but pictures are often observed from many different vantage points. Many pictures that are drawn in perfect perspective appear distorted under two conditions, first when viewed from the incorrect vantage point and, second, when the picture is a wide-screen panorama. Figure 5 depicts square tiles on a ground plane in perfect perspective. Many of the tiles in the middle regions often appear to be square tiles. This is the common phenomenon encountered when looking at perspective pictures, and has been called perspective robustness. But, as della Francesca (1480/1981) noted, many tiles often do not look square. For example, many tiles near the bottom corners of the picture typically look too long to be square. This phenomenon is referred to as perspective distortion. In this case the tiles look "forelengthened" (the opposite of foreshortened). The forelengthening distortion is often readily noticeable in the periphery of pictures (e.g., panoramic pictures taken with wide angle lenses), and is referred to as marginal distortion. There are also, however, central distortions (Juricevic and Kennedy, 2005a , 2005b , 2005c , 2006 . For example, many of the tiles in Figure 5 that are off in the distance, close to the horizon, appear too compressed (too foreshortened) to be square tiles to many observers. As can be seen, the "inverse projection" is only successful sometimes. Perception does not follow the laws of natural perspective exactly. It has its own solution to the inverse projection problem, a solution provided by evolution. What is this solution that human vision uses?
In theory, the solution is derived from a combination of "visual angle ratio" and "angle from normal" (see Figure 6 ). The "visual angle ratio" is the ratio of the visual angle of the depth of an object divided by the visual angle of the width of an object. The "angle from normal" is the angle between the line joining the observer to the central vanishing point for the object, and the line to a point on the object (see Figure 6 ). This solution to the inverse projection problem, utilizing the visual angle ratio and angle from normal, is known as the ART (Angles and Ratios Together) theory (Juricevic and Kennedy, 2005a , 2005b , 2005c , 2006 .
Why should these two factors be helpful in solving the inverse projection problem? Consider the standard, clear case of perceiving the scene in Figure 5 , that is, square tiles lying on the ground. Let us look at the information provided by the visual angle ratios and angles from the normal of these tiles. Consider visual angle ratio first. Every object has a visual angle ratio since every object has a width and a depth. It can be shown that the range of possible visual angle ratios is from 0 to infinity (see Technical Note #3). A square on the ground directly below the observer has a visual angle ratio of 1 (meaning the visual angle of the depth equals the visual angle of the width). Looking at this square, an observer would perceive it as being square, that is, its apparent width to depth ratio, or "Perceived Relative Depth" = 1. Now imagine a rectangle that is wider than it is deep, that is, it has a relative depth less than 1. When this rectangle is on the ground directly below the observer, its visual angle ratio is less than 1. This rectangle would be perceived by an observer as being compressed, that is, as having a Perceived Relative Depth < 1. Obviously, objects directly below you are perceived as compressed (i.e., wider than deep) when they have small visual angle ratios (less than 1). They are perceived as square (i.e., as wide as deep) when they have visual angle ratios equal to 1, and they are perceived as elongated (deeper than wide) when they have larger visual angle ratios (greater than 1). Now, consider a square that is directly in front of the observer and very far away (see Figure 5 ). As can be seen in Figure 5 , as the distance from the observer increases, the visual angle ratio decreases. Also, the furthest tiles look compressed, that is, the smaller visual angle ratios lead to compressed Perceived Relative Depths. At the limit, when the tiles approach the horizon (infinitely far away), the visual angle ratios approach their limit of 0. In sum, tiles that are farther away have especially small visual angle ratios, and begin to look more and more compressed.
Conversely, a square that is to one side of an observer and very far away will have a very large visual angle ratio. As can be seen in Figure 5 , the square tiles off to the side from the observer can have very large visual angle ratios. This increase in visual angle ratio accompanies an increase in Perceived Relative Depth, that is, the tiles look elongated. Indeed, the tile's visual angle ratio approaches infinity as it moves to the side and its distance from the observer increases. In total, then, the visual angle ratio for an object in front of the observer can range from 0 to infinity, with 1 being specific to a square for objects on the ground directly below the observer.
The range of possible angles from normal is relatively small. For any object in front of an observer, the angle from normal can range from 0° to 90°. An object that is in front of the observer and very far away will have a very small angle from normal, approaching 0° as its distance from the observer increases. For an object on the ground close to the observer, the angle from normal is 90°, so the range is from 0° to 90°.
Let us study some revealing examples. Consider an observer looking at Figure  5 . Each tile has a visual angle ratio and angle from the normal. Suppose that the tile in the central column, row 3 appears square to the observer. Now, what happens to the perceived dimensions of that tile when the observer moves? If the observer moves slightly, so that the visual angle ratios and angle from normal of that tile stay within the boundaries for square tiles, square tiles will be perceived. That is, perceptual constancy will occur. Indeed, one can easily see that many of the observer's distances will lead to perceptual constancy for a particular tile, since moving the observer to and fro in front of the picture only slightly will not change the visual angle ratios and angles from the normal much.
What about marginal distortions? Marginal distortions occur when a tile's visual angle ratio and angle from normal fall outside the boundaries for appearing square. A single picture can have tiles both within the boundaries for appearing square (perceptual constancy) and outside the boundaries (marginal distortions). Furthermore, distortions occur in the center as well as the periphery of pictures, for some tiles near the center of Figure 5 usually look compressed (due to too small a visual angle ratio).
It is obvious that in perspective geometry the visual angle ratio and the angle from normal both play a role in the projection from the real world.
Angle from normal consists of a single visual angle. Importantly, it changes as an object moves on the ground plane. It is direction information. Direction and information about a horizontal plane specify the 3-D location of the object. Once the direction and location on a plane such as the ground plane is known then, theoretically, the visual angle ratio indicates the perceived relative depth. A certain visual angle ratio could signal a perceived relative depth of 1 for a small angle from the normal, and a perceived relative depth much less than 1 for a larger angle from the normal.
That the two factors, visual angle ratio and angle from normal, are important carriers of information can be inferred from first principles. The ART theory, then, is a logical extension from first principles. However, the individual contributions of each of the two factors to the solution of the inverse projection problem by vision cannot be inferred from first principles alone. In order to determine the contributions of each factor, empirical study is required. Juricevic and Kennedy (2005a , 2005b , 2005c , 2006 conclude from empirical investigation of a panoramic picture that the solution that vision uses to find perceived relative depth is a linear combi-nation of the two factors, with visual angle ratio weighted an order of magnitude greater than angle from normal, that is:
Perceived Relative Depth = α(Visual Angle Ratio) + β(Angle from Normal) + c, where α, β, and c are all real numbers, with α approximately 10 times β, and angles measured in radians.
In conclusion, the ART theory formula for Perceived Relative Depth is the inverse projection approximation to the correct solution according to natural perspective. It is vision's evolutionary perspective. The theory that vision relies heavily on visual angle ratio and angle from normal, while simple, is very powerful. First, it allows us to express the evolved visual system's perspective function, the function that describes spatial perception. Secondly, it accounts for both perspective robustness and perspective distortions. Helpfully, it predicts perceived depth according to variables that can easily be measured objectively. Angle from normal can be measured as the angle between the direction from a given vantage point to a point on the object, and the direction given by parallel receding sides of the object. Visual angle ratio is measured for the sides of the objects at the same, given vantage point. Further, the two factors arise more widely than in viewing pictures. Indeed, they are always present when we look at the real-world. As such, they are core terms for a general theory of perception, one that reveals vision's perspective as it has evolved in humans.
Conclusion: Previous Approaches to the Inverse Projection Problem
To be complete, we should add to our conclusion a note on alternatives to the ART theory and its two common-sense variables.
There have been several other major theoretical approaches that proposed a solution to the inverse projection problem, without using both the visual angle ratios and the angle from normal characterizing the ART theory. However, failure to use one of these two factors creates serious theoretical errors, it can easily be shown, as follows:
(1) Projective approach: vision uses perspective geometry (see Figure 7) . That is, to solve the inverse projection problem vision uses the same geometry that was used to produce the picture. The Projective approach predicts that perspective pictures will look realistic only from a single, correct vantage point (i.e., the vantage point of the artist). This theory obviously cannot account for that fact that perspective pictures look realistic when viewed from many locations (perspective robustness).
(2) Compensation approach: vision uses perspective geometry and the "Artist's Distance", that is, the distance of the correct vantage point (see Figure 8) . That is, to solve the inverse projection problem vision uses perspective geometry, and then corrects the perception to account for the difference between the "Observer's Distance" (where the observer is when they look at the picture) and the Artist's Distance. This, in theory, would cause the picture to look realistic from any position, and would be a possible explanation of perspective robustness. However, the Compensation approach cannot account for marginal or central distortions.
(3) Compromise approach: vision uses perspective geometry and the flatness of the picture plane (see Figure 9) . That is, when vision solves the inverse projection problem, it also incorporates the flatness of the picture plane. This causes the per-ception of the entire scene to be flattened by a certain degree. The compromise approach can account for the compression observed in central distortions. It cannot, however, account for the elongation seen with marginal distortions, or for perspective robustness. (4) Invariant approach: vision uses perspective invariants (see Figure 10 ). An invariant is a relation that is constant over some transformation. In the case of a perspective picture, there exist relations that are invariant over changes in the observer's position (i.e., they are invariant over transformation of Observer's Distance). Theoretically, such relations could be the basis for perspective robustness. The Invariant approach, however, cannot account for the distortions present in some perspective pictures (both marginal and central). 
Appendix: Technical Notes

#1 -Brunelleschi's demonstration and proof
Brunelleschi devised a method for creating perspective pictures and calculating the proper amount of convergence for edges at 45º to the picture surface, as would be found in a picture of an octagonal building, such as the Baptistry in Florence (Tyler and Kubovy, 2004; Veltman, 1998) . It is said that to show the picture was indeed recreating the same pattern of light as the real-world scene provided by Florence's Baptistry, Brunelleschi conducted the following demonstration (see Figure 11) . Brunelleschi took his picture of the Baptistry and drilled a small hole in it. He then stood directly in front of the Baptistry, turned his picture so that the painted side faced away from him, and looked through the small hole. In this way, Brunelleschi could see the real Baptistry building, but not the painted side of his painting.
To complete the demonstration, Brunelleschi held up a mirror in front of his painted side of the picture. That is, this mirror faced Brunelleschi, and was between the Baptistry and the picture. The mirror blocked the view of the real Baptistry, but now reflected Brunelleschi's painting of the Baptistry. In this way, the mirror reflected the pattern of light produced by the painting. By moving the mirror in and out, Brunelleschi could test if his painting of the Baptistry recreated the same pattern of light as the real Baptistry. The two patterns of light were identical to observers, demonstrating that the perspective method that Brunelleschi developed truly did reproduce the pattern of light in a picture that was present in the real world scene.
The mathematical proof he is thought to have devised shows that a Baptistry side at 45º to the picture surface should be drawn converging to a point on the pictured horizon at a certain distance to one side of the center of the picture. Consider the observer's vantage point (see Figure 12) . Drop a perpendicular to the picture surface, to a point on the picture called the "foot of the normal". Let the distance from the vantage point to the foot of the normal be x. The distance from the foot of the normal to the point on the pictured horizon to which the sides at 45º converge is y. Brunelleschi is thought to have proved that x = y. The reason is the side of the Baptistry at 45º is parallel to any line from the vantage point at 45º to the picture surface. A line at 45º to the picture surface from the vantage point must hit the painted horizon line at a point with distance x from the foot of the normal, by isosceles triangles (the angle at the foot of the normal is 90º, and the line is 45º to the picture surface). Overhead view of the octagonal Baptistry in Florence. Note that parallel edges of all surfaces that are at 45º to the picture surface will be drawn with lines converging to a point that is a distance y from the foot of the normal.
#2 -Extent of foreshortening and forelengthening
Consider a scene that is to be depicted on a picture surface. Relative to the picture surface, the scene has width (the dimension parallel to the picture surface) and depth (the dimension perpendicular to the picture surface). In a perspective picture, the projection of the depth dimensions causes "foreshortening". That is, edges that recede in depth are depicted by lines that are drawn shorter on the picture surface than lines depicting edges in width. This, however, is not the general case; there can also be "forelengthening", where edges in depth are drawn with lines that are longer than edges in width.
When does foreshortening versus forelengthening occur? Consider a square tile on a ground plane (see Figure 13) . Foreshortening occurs when the angle between the normal to the picture plane and the deepest edge of the tile (α) is less than 45º. Forelengthening occurs when the angle between the normal to the picture plane and the deepest edge of the tile (α) is greater than 45º. At 45º, depth is neither foreshortened nor forelengthened, but depicted to a line equal in length to the line depicting width. Figure 13 . Overhead view of a square tile lying on a ground plane. When α = 45º, the projections of the sides (s) of the square tile (x and y) will be equal in size on the picture surface.
Proof: when α = 45º, depth is neither foreshortened or forelengthened. In other words, x = y (see Figure 13) .
By similar triangles:
(1) x/s = c1/(c1+c2). By similar triangles: (2) y/p = c1/(c1+c2). Therefore, by (1) and (2) (6) and (8): (9) α = 45º. The proofs that foreshortening occurs when α < 45º, and forelengthening occurs when α > 45º are similar.
#3 -Rate of change in visual angle ratio
Consider an object laying on the ground in front of you, for example, one of the tiles in Figure 5 . This tile has a certain visual angle ratio. As the distance between you and the tile increases, this visual angle ratio decreases. In particular, the visual angle ratio approaches 0 as the distance approaches infinity. This is because of the different rates of change for the visual angle of the width (see Figure 14A ) and the visual angle of the depth (length) of the tile (see Figure 14B ). The visual angle of the width decreases at a slower rate (rate is linear with distance) than the visual angle of the depth (rate is squared with distance). Proof: Visual angle of an object's width is inversely proportional to the distance of the object (see Figure 14A) .
(1) tan ξ = W/v. By Pythagorean theorem (see Figure 14B ) and (1) (2) tan ξ = W/ √(d2+h2) For large distances (d), ξ is small. For small angles, tan ξ # ξ, so (3) ξ # W/ √(d2+h2). Therefore, ξ is proportional to 1/ √d2, in other words (4) ξ ~ 1/ √d2. So, (5) ξ ~ 1/d. Proof: Visual angle of an object's length (depth) is inversely proportional to the squared-distance of the object (see Figure 14B) .
(1) α = β -θ. Simplifying (5), we get, (6) tan α = L/(h + d2 -dW). For large distances (d), α is small. For small angles, tan α # α, so (3) α # L/(h + d2 -dW). Therefore, (4) α ~ 1/d2.
